In this note we provide sufficient conditions for the existence of a Lyapunov function for a class of parabolic feedback control problems. The results are applied to the long-time behavior of state functions for the following problems: (i) a model of combustion in porous media; (ii) a model of conduction of electrical impulses in nerve axons; and (iii) a climate energy balance model.
Introduction and Main Results
Let Ω ⊂ R N , N ≥ 1, be a bounded and open subset with a smooth boundary ∂Ω, f 1 , f 2 : Ω × R → R are some real measurable functions such that f i (x, ·) is convex for a.e. x ∈ Ω, i = 1, 2. We denote by ∂f i (x, u) the subdifferential of f i (x, ·) at u for a.e. x ∈ Ω, for each u ∈ R, i = 1, 2. Note that u * ∈ ∂f i (x, u) if and only if u
We consider the semilinear reaction-diffusion inclusion
−∞ < τ < T < +∞. We note that Problem (1) arises in many important models for distributed parameter control problems and that a large class of identification problems enter this formulation. Models of physical interest include: (i) a model of combustion in porous media; (ii) a model of conduction of electrical impulses in nerve axons; (iii) a climate energy balance model, etc.; see Section 3. The global attractors for such kind of systems were at first proved in Valero [1] . Kalita and Łukaszewicz [2, 3] also imply the existence of the global attractor for the problems under consideration.
Suppose that the following assumptions hold:
∈ Ω, and c 1 ≥ 0 such that
We shall use the following standard notations:
, where ⟨·, ·⟩ denotes the pairing in space V [4] . We remark that each weak solution of Problem (1) (1), if Π + u h (·) ∈ K + for each h ≥ 0, where Π + is the restriction operator to the interval [0, +∞). Let K be the family of all complete trajectories of Problem (1) .
Note that assumption (i) implies that there exist c 3 ∈ L 1 (Ω), c 3 (x) ≥ 0 for a.e. x ∈ Ω, and c 4 ≥ 0 such that |f i (x, u)| ≤ c 3 (x) + c 4 |u| 2 for a.e. x ∈ Ω, and for each u ∈ R, i = 1, 2. Therefore, the functions
are correctly defined. Let us set
The main result of this note has the following formulation.
Theorem 1.1. Let assumptions (i) and (ii) hold. Then the function E : V → R, defined in (3), is a Lyapunov function for
K + . Moreover, for each u ∈ K the limit sets α(u) = {z ∈ V | u(t j ) → z for some sequence t j → −∞}, ω(u) = {z ∈ V | u(t j ) → z
for some sequence t j → +∞} are connected subsets of Z on which E is constant. If Z is totally disconnected, then the limits z − = lim t→−∞ u(t), z + = lim t→+∞ u(t) exist and z − , z + are rest points; furthermore, ϕ(t) tends to a rest point as t → +∞
for every ϕ ∈ K + .
We remark that sufficient conditions for the existence of a Lyapunov function for autonomous evolution inclusions of hyperbolic type were considered by Kasyanov et al. [7, 8] , existence and structure of attractors in natural phase spaces were established by Kalita and Łukaszewicz [2, 3] , Kapustyan et al. [9] - [10] , [1, 6, [11] [12] [13] , and regularity properties of global and trajectory attractors were provided by Gorban et al. [5, [14] [15] [16] [17] . Also note that in Arrieta et al. [18] a Lyapunov function was constructed for the equation u t − u xx = ωu + H(u), where
Of course, the existence of a Lyapunov type functions for quasilinear parabolic PDEs with discontinuous and/or multivalued nonlinearities has not been established yet in the general cases.
Sketch of the Proof of Theorem 1.1
Note that E is a continuous function on V . Since any weak solution u of Problem (1) 
Applications
Let us concentrate on the following three types of applications: (i) a model of combustion in porous media; (ii) a model of conduction of electrical impulses in nerve axons; and (iii) a climate energy balance model.
Example 3.1 (A Model of Combustion in Porous Media).
Let f : R → R be a convex function and let λ be a positive constant. We consider Problem (1) with the homogeneous Dirichlet boundary conditions and the following parameters: N = 1, Ω = (0, π ), f 1 (x, s) = 0 and f 2 (x, s) = f (s) + λ max{s − 1, 0}, x ∈ Ω, s ∈ R; see Feireisl and Norbury [21] . If there exist K 1 ≥ 0, K 2 ∈ [0, 1) such that |z| ≤ K 1 + K 2 |s| for each z ∈ ∂f (s) and s ∈ R, then all statements of Theorem 1.1 hold.
Example 3.2 (A Model of Conduction of Electrical Impulses in Nerve Axons). Consider Problem (1) with the homogeneous
Dirichlet boundary conditions and the following parameters:
, f 2 (x, s) = λ max{s − a, 0}, x ∈ Ω, s ∈ R, where a ∈ (0, 1 2 ), λ > 0; see Terman [22] . Since assumptions (i) and (ii) hold, then all statements of Theorem 1.1 hold. 
where B, Q > 0 are constants, S, h ∈ L ∞ (−1, 1), and β : R → R is a convex function. Assume that: (a) there exist m, M ∈ R such that m ≤ z ≤ M, ∀s ∈ R, ∀z ∈ ∂β(s); (b) 0 < S 0 ≤ S(x) ≤ S 1 , for a.e. x ∈ (−1, 1); see Budyko [23] , Díaz et al. [24] .
The unknown u(t, x) represents the average temperature of the Earth's surface, Q is a solar constant, S(x) is an insolation function, given the distribution of solar radiation falling on upper atmosphere, ∂β represents the ratio between absorbed and incident solar energy at the point x of the Earth's surface (the so-called co-albedo function). Since assumptions (i) and (ii) hold, all statements of Theorem 1.1 hold.
